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Abstract 
We present systematically the calculated results for the lattice distortion caused by the substitutional 
two impurities (X-X pairs; X=Sc-Ge) in Al, being located at the 1st-nearest neighboring sites. The 
calculations are based on the generalized-gradient approximation in the density functional theory and 
the full-potential Korringa-Kohn-Rostoker (FPKKR) Green’s function method for point defects. The 
distortion effect is very large for the present impurity systems, especially for X=Mn, Fe, and Co. The 
interatomic length of the X-X pair extends for X=Cr, Mn, Fe, Co, and Ni, although the atomic size of 
these impurities is fairy smaller than the atomic size of Al. We clarify the micromechanism of the lat-
tice distortion caused by the X-X pair. 
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1 Introduction 
In the previous papers [1, 2], using the calculated results without the lattice distortion effect, we dis-
cussed the interaction energies for impurity pairs, X-X (X=Sc-Ge, Y-Sn) in Al. The structural stability 
of Al-rich AlX alloys such as L12 (Al3Sc, Al3Y), DO22 (Al3V, Al3Nb), Mackay icosahedron in AlMn 
quasicrystal, being known experimentally, were understood very well by considering the distance de-
pendence of the medium-range interaction energies of X-X pairs in Al. However, the presence of a 
point defect in a crystal, such as a vacancy or an impurity atom, generally causes displacements of the 
neighboring host atoms from their ideal lattice positions. The study of the lattice distortion caused by 
the impurities with a large size-misfit in the host atoms, is strongly requested. 
The change of the lattice constants, caused by point defects, can be measured by x-ray diffraction. 
King presented the volume size-factor of 469 substitutional solid solutions [3], in a convenient and 
compressive form, which were calculated from the experimentally obtained lattice parameters of solid 
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solutions, available in the literature [4]. It is noted that the size-factor concept has been applied to 
study the physical, chemical and mechanical properties of local atomic phenomena, although it treats 
only the average change of lattice parameters in the whole metallic solid solution. However, this in-
formation is insufficient to estimate the interatomic distances around impurities because, generally, the 
lattice distortion depends on the atomic shell around defects. More detailed information can be ob-
tained by extended x-ray-absorption fine-structure (EXAFS) experiments. Using this method, Scheuer 
et al succeeded in determining the 1st-nearest neighboring distances around impurities in fcc (Al, Cu, 
Ni, Pd) and bcc (Fe, Nb, V) metals [5]. It is also noted that the interaction energies of two impurities 
in metals were determined by the perturbed-angular-correlation probe (PAC) experiments. Królas pre-
sented the accurate data for the interaction energies of impurities with PAC-probe (Rh, Pd, In, Sn, Sb) 
in fcc (Ni, Cu, Pd, Ag, Au), bcc (Fe), and hcp (Rh) metals [6]. 
From the theoretical point of view the treatment of structural relaxation due to defects in crystals 
was a difficult task. The problem of the lattice relaxation had been mostly dealt with phenomenologi-
cally, e.g., by models of lattice statics or continuum theory. A reliable microscopic description of lat-
tice relaxation effects based on first-principles electronic structure calculations requires very accurate 
energies or forces and had been attempted for simple metals and semiconductors on the basis of pseu-
do potential treatments. The difficulty had arisen mainly from the fact that energy differences due to 
local atomic displacements are quite small, of the order of 0.1 eV, compared with, e.g., the cohesive 
energy (a5 eV) of solid. At present one can calculate accurately the atomic volume changes per impu-
rity in transition metals, by using ab-initio all-electron calculations of the electronic structures of sol-
ids, based on the full-potential Korringa-Kohn-Rostoker Green’s function method (FPKKR) and the 
local-spin density approximation (LSDA) in the density functional theory. Papanikolaou et al succeed-
ed in calculating the atomic volume changes per impurity for 3d, 4sp, 4d, and 5sp impurities in Cu [7]. 
In order to estimate the atomic volume changes per impurity, they used the Kanzaki model [8]. It is 
noted that the formalism given by the Kanzaki model is very suitable for the present work, because all 
the parameters in the Kanzaki model, such as the Hellman-Feynman forces and lattice distortion, 
caused by impurities in metals, can be calculated by the present ab-initio calculations. In collaboration 
with them, we also succeeded in calculating the lattice relaxation energies of vacancies in Cu and Al 
[9], by using the FPKKR combined with the generalized-gradient approximation (GGA) in the density 
functional theory. Very recently we calculated the atomic volume changes per impurity for 3d and 4sp 
impurities in Fe [10, 11]. It is also noted that the available experimental results for the interaction en-
ergies between the two impurities in Fe, such as I-I and I-Sn (I=Sc-Ge, Sn:PAC-probe), were repro-
duced very well by the present method [11,12].  
Meanwhile we proposed the real-space cluster expansion for total energies of H-rich HX alloys 
(H1-cXc, H=host. X=impurity, c=concentration), with which the total energies from c=0 to c=0.5 are 
reproduced very well by using the calculated results of the band energy for H metal, solution energies 
of impurities in H metal, interatomic interaction energies of impurities in H metal [13]. For example, 
we have shown that the band energies of ordered Fe-rich and Al-rich alloys (for example, Fe3Al and 
Al3Sc) are reproduced within 1mRy per atom, by our real-space cluster expansion, if the interatomic 
interaction energies of impurities up to 4-body are included. We found that the 2-body interaction, 
corresponding to the X-X interaction in the present paper, is very long-range, while the 3-body and 4-
body interactions are very short-range. It is also noted that all the quantities in the real-space cluster 
expansion for the total energy can be obtained uniquely by the present FPKKR-GGA calculations. 
We are now studying the lattice distortion effect for impurities (Sc-Ge) in Al-based alloys, such as 
single and two impurities. The calculated results of the atomic volume change and local lattice distor-
tion caused by single impurities in Al are published in Ref.14. In the present paper we show the calcu-
lated results for the lattice distortion caused by the X-X (X=Sc-Ge) impurity pairs in Al. The calculat-
ed results for the interaction energies, including the lattice distortion and magnetism, will be discussed 
in the subsequent paper. In Sect. 2, we describe the calculational method. In Sect.3, we show the cal-
culated results. In Sect.4, we summarize the main results of the present paper. 
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2 Calculational Method 
If a defect is inserted in a metal, the Hellman-Feynmann (HF) forces are induced on the host atoms 
around the defect and the neighboring host atoms are distorted from their ideal positions. The equilib-
rium positions of the neighboring host atoms are determined by the zero-force condition. In the pre-
sent study, we relax the atom positions of the impurities and the 1st-nearest neighboring host atoms, as 
shown by black spheres in Fig.1, and fix positions of the outer host atoms. 
In order to calculate the HF forces as well as the total energies, we use the full-potential Korringa-
Kohn-Rostoker Green's function method and the generalized-gradient approximation in the density 
functional theory [15]. The advantage of the Green’s function method, different from the supercell and 
cluster calculations, is that point defects embedded in an otherwise ideal crystal can be correctly de-
scribed by introducing the host Green’s function. It is noted that the potential perturbation due to the 
defects is localized in the vicinity of the defects because of the screening effect by the free-electron-
like sp-electrons in a metal, although the deformation of the wave functions due to the defects is delo-
calized over the whole space. The correct description of point defects in the Green’s function method 
is brought by exploiting this short-range nature of the defect potential. We found that, in order to ob-
tain the accurate and converged total energy of the defect system without the lattice distortion, it is 
sufficient to self-consistently determine only the potentials of the impurities and their neighboring 
atoms (up to the 1st (2nd)-nearest neighbors (NN’s) in the case of fcc (bcc) metal), if the total-energy 
change due to the wave functions perturbed over the infinite space is correctly evaluated by using the 
Lloyd’s formula. The short-range nature of the defect potentials has been discussed in Ref.15. 
 
Figure 1: 102-atom cluster in D2h-symmetry, including all the host atoms up to the 2nd-nearest neigh-
bors of the displaced atoms around two impurities. The displaced atoms are shown in the 
black spheres. 
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The nth-NN interaction energy between the two impurities is defined as the total-energy difference 
between the two states: (1) the final state where the two impurity atoms are located at the nth-NN sites 
and (2) the initial state where the impurity atoms are infinitely separated. Thus, in order to obtain the 
interaction energies, we must calculate the total energies of both the states. For example, the 1st-NN 
interaction energy in fcc metal without lattice distortion can be derived by redetermining self-
consistently the potentials within a 20-atom cluster. On the other hand, the treatment of the lattice dis-
tortion is slightly cumbersome because the potentials of the host atoms surrounding the displaced at-
oms may be strongly perturbed [11]. For the 1st-NN interaction energy with lattice distortion, we must 
self-consistently redetermine the potentials in the 102-atom cluster, shown in Fig.1, which includes all 
the host atoms up to the 2nd-NN’s of the displaced host atoms. The calculational procedure for the 
nth-NN interaction energies in fcc metals is described in Ref. 16. 
3 Calculated Results and Discussions for X-X (X=Sc-Ge) in Al 
We show the calculated results for the lattice distortion caused by the insertion of X-X impurity pair 
in Al and discuss the micromechanism for the expansion and contraction of the interatomic distance of 
X-X pair. Figure 2 shows lattice distortions caused by single impurities and impurity pairs both for 
non-magnetic and magnetic states: (a) the lattice distortion of the 1st-nearest neighboring host atoms 
around single X impurity, (b) the interatomic distance of the X-X pair, (c)  the  length of the Al-X 
bond along the <110> axis, shown in Fig.1, and (d) the sum of three bond lengths (Al-X, X-X, X-Al) 
along the <110> axis. All these results are indicated as deviations (%) from the ideal Al-Al bond 
length (Al-Al-Al-Al length for (d)).  Lattice parameters of fcc-based Al3X alloys and fcc-X metals are 
also indicated in Fig.2 (e) for comparison with fcc-Al. It is noted that, under symmetrical restrictions, 
the lattice distortion occurs in the atomic arrangement of Oh symmetry for single impurities, while in 
the atomic arrangement of D2h symmetry for impurity pairs. It is also noted that the distortion of the 
Al-X bond depends on the direction to the X-X bond, differently from the isotropic distortion around a 
single impurity. The calculated results are summarized as follows: 
1. The X-X bonds for X=Mn-Ni are longer than the ideal Al-Al bond, as shown in Fig.2 (b), alt-
hough these X-X bonds in X metal are shorter than the Al-Al bond  as shown in Fig.2 (e). 
2. The Al-X bond along the <110> axis (on the same line as X-X bond) is shorter than the ideal 
Al-Al bond for all the impurities X (X=Sc-Ge), except for X=Sc and Zn, as shown in Fig.2 (c). 
The deviation of the Al-X bond length is the largest for X= Co. It is noted that the deviation in 
the Al-X (X=Cr-Ni) bond length is fairy larger than that in the Al-X bond in the single impuri-
ty system, shown in Fig.2 (a). For example, the deviation in Al-Fe bond length is -3.9% in the 
case of a single impurity, while -6.1% in the case of an impurity pair.  
3. The Al-X bonds on the directions to the 1st-neighboring sites (1, 2, 3 in Fig.1) are also shorter 
than the ideal Al-Al bond for all the impurities X (X=Sc-Ge), except for X=Sc, Ga and Ge, 
although the deviations are smaller than that in the Al-X bond on the <110> axis, for X=Cr-Ni. 
For example, the deviation in the Al-Fe bonds are -5.0%, -4.4%, -2.9% for the directions of 
the 1st-nearesting sites (1, 2, 3), respectively, compared with -6.1% of the Al-Fe bond on the 
<110> axis. 
4. The length of Al-X-X-Al (the sum total of Al-X, X-X, X-Al bond lengths) is also shorter than 
the ideal length in fcc-Al for all X (=Sc-Ge), except for X=Sc and Ge, as shown in Fig.2(d). 
5. The lattice parameter of X metal in the fcc structure is longer than that of Al, for X=Sc, Ga, 
and Ge, while shorter for X=Ti-Zn, as shown in Fig.2 (e). The lattice parameter in the non-
magnetic (NM) state is the shortest around Fe and Co. However, the magnetic effect extends 
the interatomic distance, as shown in Fig.2 (e). 
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6. The lattice parameters of Al3X alloys in the fcc structure are between the lattice parameters of 
Al and X metals, as shown in Fig.2 (e). In rough estimation, the lattice parameter of Al3X in 
the NM states may be the concentration average of the lattice parameters of Al and X metals. 
7. The magnetic effect enhances the extension of the X-X (X=Cr, Mn, Fe) bond, as shown in 
Fig.2 (b), except for the case of Mn-Mn in the ferromagnetic (FM) configuration. 
The extension of the lattice with X-X (X=Sc, Ga, Ge) pair is easily understood by comparing the 
lattice parameters (proportional to the atomic size) of X and Al metals in the fcc structure: the lattice 
with the X-X bond is extended for X (=Sc, Ga, Ge) because of the large lattice parameter, compared 
with that of Al, while shortened for X (=V, Cu, Zn) because of the small lattice parameter.  
On the other hand, the extension of the lattice with X-X (X=Cr, Mn, Fe, Co, and Ni) bond is incon-
sistent with the expectation by comparing the lattice parameters of Al and X metals in the fcc structure. 
This unexpected extension for the X-X (X=Mn-Ni) bond may be understood as follows: (1) the sp-d 
(Al-X) bond on the <110> axis may be stronger than the adjacent X-X bond. (2) the equilibrium Al-X 
bond length in Al is fairy smaller than the ideal Al-Al bond length. As a result, the d-d (X-X) bond is 
extended by the sp-d (Al-X) bonds which pull the d-d(X-X) bond from the both sides. For example, in 
the NM states, the sp-d (Al-Fe) bond length is shorter by 5.8% than the ideal A-Al bond, for Al3Fe, as 
shown in Fig.2(e), and 4% for the next to the Fe-Fe pair in fcc-Al, as shown in Fig.2(c). Then, the Fe-
Fe bond in fcc-Al is longer by 3.8% than the ideal Al-Al bond and longer by 14% than Fe-Fe bond in 
fcc-Fe. It is also noted that the magnetic effect in Fe enlarges the Fe-Fe bond length as discussed in the 
following paragraph, so that the Al-Fe bond length in fcc-Al becomes shorter by 6.1%.  
Before closing this section, we discuss the magnetic effect for the extension of the X-X (X=Cr-Fe) 
bond length. According to our calculations, the ground state is FM for X=Cr, Mn, and anti-
ferromagnetic (AFM) for Fe. The detailed results for the magnetism effect will be discussed elsewhere 
[17]. Here we discuss only the possible micromechanism for the extension of the interatomic distance 
due to the magnetic effect. For the magnetic impurity, the total energy includes the magnetic energy 
due to the spin-polarization, together with the covalent (interatomic) interaction energy. It is noted that 
the main part of the magnetic energy is due to the intraatomic interaction. The covalent (interatomic) 
interaction shortens the interatomic distance from the infinite length between isolated atoms to the 
equilibrium bond length in metal. The magnetic energy generally become large by reducing the intera-
tomic interaction, as discussed in Refs.18 and 19. The lattice parameters of X metal with and without 
magnetic effects, as shown in Fig.2 (e), show the extension of the interatomic distance, caused by the 
reduction of the covalent interaction and the increase of the magnetic energy. In the present X-X in Al 
system, the magnetic effect may weaken the X-X covalent bond and enlarge the length of the X-X 
bond, as shown in Fig.2 (b). The only exception is the case of the Mn-Mn bond in the FM configura-
tion. Presumably, the magnetism of the Mn-Mn bond in the FM configuration is very strong and stable 
around the ideal atomic positions. As a result, the Mn-Mn pair keep the ideal atomic positions, while 
the length of the sp-d (Al-Mn) bonds at both sides of the Mn-Mn bond may be shortened, compared 
with the ideal Al-Al bond length, to make the sp-d (Al-Mn) bond stronger, as shown in Fig.2(c). Then, 
the local magnetic moments (LMM’s) of Mn may decrease due to the stronger interaction of the sp-d 
(Al-X) bond, compared with the LMM’s at the ideal atomic positions. We found that the calculated 
values of LMM’s of a single Mn impurity are still large around the equilibrium (distorted) atomic po-
sitions of the Al-X bond, differently from the calculated results for the LMM’s of Cr and Fe impurities 
[14]. We also showed in Ref.18 that the FM configuration of the Mn-Mn pair in Al is most stable 
among the magnetic (FM and AFM) configurations of X-X (X=Cr, Mn, and Fe) pairs in Al. 
We are now studying how the magnetism depend on the interatomic lengths of the X-X and Al-X 
bonds. The calculated results for the X-X interaction energies, including both the effects of magnetism 
and lattice distortion, will be discussed elsewhere [17]. 
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Figure 2: Deviation of bond length from the ideal Al-Al bond length in fcc-Al, (a) Al-X around single 
impurities X(X=Sc-Ge), (b) X-X, (c) Al-X and (d) Al-X-X-Al around impurity pairs X-X. The 
lattice parameters of fcc-based Al3X and fcc-X metals are also shown in (e). The calculated re-
sults with magnetic effect are also indicated. See the text for the details. 
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4 Summary and Future Problem 
We presented the ab-inito data for the lattice distortion of X-X (X=Sc-Ge) impurity pairs in Al, be-
ing located at the 1st-nearest neighboring sites. The length of the X-X bond is extended for X=Cr-Ni, 
while shortened for X=Sc, Ga, and Ge. The lattice distortion depends not only on the size-misfit be-
tween the impurity and host atoms, but also on the impurity-host and impurity-impurity interaction. 
For magnetic impurities, the magnetism of impurity-impurity pairs is also important. It is noted that 
these effects are accurately calculated by the present first-principle electronic structure calculations for 
the impurity systems. The extension of the length of the X-X (X=Sc, Ga, Ge) bond is understood easi-
ly because of the larger atomic size, compared with that of Al. On the other hand, the extension of the 
X-X (X=Cr-Ni) bond is inconsistent with the expectation obtained from the comparison of the atomic 
sizes of X and Al. We discussed that the extension of the interatomic distance is due to the strong sp-d 
(Al-X) bond next to the X-X bond on the <110> axis, shown in Fig.1. We discussed that the sp-d (Al-
X) bond may be stronger with decreasing the interatomic distance in the sp-d (Al-X) bond. As a result, 
the d-d (X-X) bond is pulled mainly by the strong sp-d (Al-X) bonds from the both sides. We also 
discussed that the magnetic effect may extend the length of the X-X bond except for the case of Mn-
Mn in the ferromagnetic (FM) configuration. We showed the possible mechanism why the length of 
the Mn-Mn bond keep the ideal length. We believe that the FM configuration of the Mn-Mn bond is 
very strong around the ideal atomic positions and prevent the large change of the interatomic distance 
of Mn-Mn pair, although the length of the sp-d (Al-X) bond next to the Mn-Mn bond may be short-
ened to make the sp-d (Al-X) bond stronger. We are now studying quantitatively the interatomic dis-
tance dependence of the magnetism of the X-X (X=Cr, Mn, Fe) pair [17].  
At the end we would like to state our project for the quantitative understanding of the phase dia-
grams. As discussed in Sect.1, we already proposed the real-space cluster expansion approach for the 
total energies of binary alloys H-rich HX alloys (H1-cXc (0<c<0.5), H=host, X=impurity, 
c=concentration), being useful for both of ordered and disordered states. We showed that the band 
energies of the ordered alloys of Al3Sc and Fe3Al are reproduced very well by using the band energy 
of H metal, solution energies of X impurities in H metal, and the interatomic interaction energies of 
impurities (X) up to the 4-body in the real-space cluster expansion [13]. We also showed that the tem-
perature dependence of the solid solubility limit of Co in Cu and Rh in Pd, which are segregated at 
low temperatures and becomes disordered at high temperatures, are reproduced very well by the free 
energy calculations based on the cluster variation method or the Monte Carlo simulations with the 
calculated results for X-X pair interaction energies, corresponding to the 2-body in the real-cluster 
expansion [20-22]. In the previous work, however, we neglected the lattice distortion effect since the 
lattice distortion may be small for these impurity systems [23]. On the other hand, the lattice distortion 
becomes large for 3d impurities (X= Mn, Fe, and Co) in Al, as shown in the present paper. The lattice 
distortion energies of X impurities in Al are also large [14, 17]. The lattice distortion energies of X 
(=Sc-Ge) impurities in Fe are shown in Ref.11. We are now studying the temperature dependence of 
the solid solubility limit of the impurities with the large lattice distortion, by using the calculated re-
sults of X-X pair interaction energies with the distortion effect. 
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